Abstract. A prime number p is called a Schenker prime if there exists such n ∈ N + that p ∤ n and p | an, where an = n j=0 n! j! n j is so-called Schenker sum. T. Amdeberhan, D. Callan and V. Moll formulated two conjectures concerning p-adic valuations of an in case when p is a Schenker prime. In particular, they asked whether for each k ∈ N + there exists the unique positive integer n k < p k such that vp(a m·5 k +n k ) ≥ k for each nonnegative integer m. We prove that for every k ∈ N + the inequality v 5 (an) ≥ k has exactly one solution modulo 5 k . This confirms the first conjecture stated by the mentioned authors. Moreover, we show that if 37 ∤ n then v 37 (an) ≤ 1, what means that the second conjecture stated by the mentioned authors is not true.
Introduction
Questions concerning the behaviour of p-adic valuations of elements of integer sequences are interesting subjects of research in number theory. The knowledge of all p-adic valuations of a given number is equivalent to its factorization. Papers [1] , [2] , [3] , [5] and [6] present interesting results concerning behaviour of p-adic valuations in some integer sequences.
Fix a prime number p. Every nonzero rational number x can be written in the form x = a b p t , where a ∈ Z, b ∈ N + , gcd(a, b) = 1 and p ∤ ab. Such a representation of x is unique, thus the number t is well defined. We call t the p-adic valuation of the number x and denote it by v p (x). By convention, v p (0) = +∞. In particular, if x ∈ Q \ {0} then |x| = p prime p vp(x) , where v p (x) = 0 for finitely many prime numbers p. In the sequel by s d (n) we denote the sum of digits of positive integer n in base d, i.e. if n = The authors of [1] obtained exact expression for 2-adic valuation of Schenker sums:
v 2 (a n ) = 1, when 2 ∤ n n − s 2 (n), when 2 | n .
Moreover, they proved two results concerning p-adic valuation of elements of sequence (a n ) n∈N+ when p is an odd prime number:
Proposition 1 (Proposition 3.1 in [1] ). Let p be an odd prime number and n = pm for some m ∈ N. Then:
Proposition 2 (Proposition 3.2 in [1] ). Let p be an odd prime number and n = pm + r, where 0 < r < p. Then p | a n if and only if p | a r .
These propositions allow us to compute p-adic valuation of a n , when p | n or p ∤ a n mod p . This gives complete description of p-adic valuation of numbers a n for some prime numbers (3, 7, 11, 17 , for example). However, the question concerning p-adic valuation in case, when p ∤ n and p | a n for some postive integer n is much more difficult. The first prime p such that p ∤ n and p | a n for some n ∈ N + is p = 5. We have 5 | a 5m+2 for every m ∈ N. Let us observe that if n ≡ 0, 2 (mod 5), then 5 ∤ a n . According to numerical experiments, the authors of the paper [1] formulated a conjecture, equivalent version of which is as follows:
Conjecture 1 (Conjecture 4.6 in [1] ). Assume that n k is the unique natural number less than
Then there exists the unique number
In other words, for every k ∈ N the inequality v 5 (a n ) ≥ k has the unique solution n (mod 5 k ) with 5 ∤ n.
Number 5 is not the unique prime number p such that p ∤ n and p | a n for some n ∈ N + . The prime numbers which satisfy the condition above are called Schenker primes.
The first question which comes to mind is: what is the cardinality of the set of Schenker primes? We will prove the following proposition using modification of the Euclid's proof of infinitude of set of prime numbers: Proposition 3. There are infinitely many Schenker primes.
Proof. Assume that there are only finitely many Schenker primes and let p 1 , p 2 , . . . , p s be the odd Schenker primes in ascending order. Since a 1 = 2, we thus obtain by proposition 2 that p 1 , p 2 , p 3 , . . . , p s ∤ a p1p2p3...ps+1 . Let us put t := p 1 p 2 p 3 . . . p s + 1 and note that it is an even number. By Proposition 1 we have:
and it leads to contradiction.
The main result of this paper is contained in the following theorem: Theorem 1. Let p be a prime number, let n k ∈ N be such that p ∤ n k , p k | a n k and
, then there exists unique n k+1 modulo p k+1 for which p k+1 | a n k+1 and
Moreover, if p ∤ n 1 , p | a n1 and q n1,p ≡ 0 (mod p 2 ), then for any k ∈ N + the inequality v p (a n ) ≥ k has the unique solution n k modulo p k satisfying the congruence n k ≡ n 1 (mod p).
The proof of this theorem is given in section 2. The authors of [1] stated another, more general conjecture concerning p-adic valuations of numbers a n when p is an odd Schenker prime. The equivalent version of this conjecture is as follows:
Conjecture 2 (Conjecture 4.12. in [1] ). Let p be an odd Schenker prime. Then for every k there exists the unique solution modulo p k of inequality v p (a n ) ≥ k which is not congruent to 0 modulo p.
Using results of Theorem 1 we will show that Conjecture 2 is not satisfied by all odd Schenker primes.
Convention. We assume that the expression x ≡ y (mod p k ) means v p (x − y) ≥ k for prime number p and the integer k. The following convention extends relation of equivalence modulo p k to all rational numbers x, y and integers k. Moreover, we set a convention that
Proof of the main theorem
Theorem 1 recalls a well known fact concerning p-adic valuation of a value of polynomial with integer coefficients (see [4] , page 44):
Theorem 2. Let f be a polynomial with integer coefficients, p be a prime number and k be a positive integer. Assume that f (n 0 ) ≡ 0 (mod p k ) for some integer n 0 . Then number of solutions n of the congruence f (n) ≡ 0 (mod p k+1 ), satisfying the condition n ≡ n 0 (mod p k ), is equal to:
Similarity of these theorems is not incidential. Namely, we will show that checking p-adic valuation of values of some polynomials is sufficient for computation of the p-adic valuation of the Schenker sum. Firstly, note that for any positive integers d, n which are coprime the divisibility of a n by d is equivalent to the divisibility of a n mod p by d:
where the equivalnce between the third and the fourth expression follows from the fact that the product of at least d consecutive integers contains an integer d divisible by d, hence it is equal to 0 mod d. Thus for every d ∈ N + we define the polynomial:
With this notation the formula (1) can be rewritten in the following way:
Let r = n (mod d). If d, n are coprime, then the following sequence of equivalences is true:
If d = p k for some prime number p and positive intiger k, then the formula (2) takes the form:
We thus see that if p ∤ n, then v p (a n ) ≥ k if and only if v p (f p k (n)) ≥ k. Moreover, for any k 1 , k 2 ∈ N satisfying k 1 ≤ k 2 the following congruence holds:
Hence, if p ∤ n and k 1 ≤ k 2 , then:
If we assume now that k > 1, then by Fermat's little theorem (in the form n p k ≡ n (mod p)) and the fact that product of at least p consecutive integers is divisible by p we obtain:
The formula above implies the congruence:
Using the formula (3) and the equality above for f = f p 2 , x 0 = n and X = n + p, we have:
we can simplify the congruence (5) and get:
and this leads to the congruence
Our consideration shows that the following conditions are equivalent:
⇐⇒ a n+p − a n (n + p)
⇐⇒ a n+p − a n (n + p) n+2 n p−n−2 ≡ 0 (mod p 2 ).
Assume now that p k | a n k for some n k ∈ N not divisible by p and
. Using now the Theorem 2 for f = f p k+1 we conclude that there exists the unique n k+1 ∈ Z modulo p k+1 satisfying conditions p k+1 | a n k+1 and n k+1 ≡ n k (mod p k ). By simple induction on k we obtain that if p ∤ n 1 and p | a n1 together with the condition
then there exists the unique n k modulo p k such that p k | a n k , n k ≡ n 1 (mod p) and
Certainly this statement is true for k = 1. Now, if we assume that there exists the unique n k modulo p k satisfying the conditions in the statement, then there exists the unique n k+1 modulo p k+1 such that p k+1 | a n k+1 , n k+1 ≡ n k (mod p k ). Using (6) we conclude that 1 p a n k+1 +p
Summing up our discussion we see that the first case in the statement of Theorem 1 is proved. We prove the rest of the statement now.
Let p ∤ n k and p k | a n k and
Since the last of the conditions above is equivalent to divisibility of f ′ p k (n k ) by p, the Theorem 2 allows us to conclude that:
• if p k+1 | a n k , then p k+1 | a n for any n ≡ n k (mod p k );
We have obtained an useful criterion for behaviour of p-adic valuation for numbers a n . In particular, the condition:
is not only sufficient, but also necessary condition for existence of the unique solution modulo p k of inequality v p (a n ) ≥ k such that n ≡ n 1 (mod p).
Solution of conjectures
First of all let us note that Theorem 1 provides the formula v 2 (a n ) = 1 for every odd positive integer n. Indeed:
and a 1 = 2 and thus 2 ∤ n, then v 2 (a n ) = 1. This gives an alternative proof of Amdeberhan's, Callan's and Moll's result. Theorem 1 allows us to prove that the Conjecture 1 is true by verifying the condition a 7 − a 2 · 7 2+2 · 2 5−2−2 ≡ 0 (mod 5 2 ). It is easy to check that
and the proof of the Conjecture 1 is finished.
Let us take the next Schenker prime p = 13. If 13 ∤ n, then 13 | a n if and only if n ≡ 3 (mod 13). Using Theorem 1 for p = 13 and n 1 = 3: we conclude that for every positive natural k there exists the unique solution modulo 13 k of inequality v 13 (a n ) ≥ k which is not divisible by p and we know that it is congruent to 3 modulo 13. This implies that if p = 13, then the Conjecture 1 is true.
The Conjecture 2 states that for every odd Schenker prime p there exists the unique n 1 ∈ N + less than p such that p | a n1 and for this n 1 we have:
However, it is easy to see that the Conjecture 2 is not true in general. Indeed, let us put p = 37. If 37 ∤ n, then 37 | a n if and only if n ≡ 25 (mod 37). However, 37 2 | a 62 −a 25 ·62 27 ·25 10 . Moreover, a 25 ≡ 851 = 23·37 (mod 37 2 ), thus v 37 (a n ) = 1 for any n ≡ 25 (mod 37). Hence 37-adic valuation of Schenker sums is bounded by one on the set of positive natural numbers not divisible by 37. We can describe it by a simple formula:
, when n ≡ 0 (mod 37) 1, when n ≡ 25 (mod 37) 0, when n ≡ 0, 25 (mod 37)
.
Our result shows that the Conjecture 2 is false for p = 37. Moreover, there exist prime numbers p for which number of solutions modulo p of congruence a n ≡ 0 (mod p), where p ∤ n, is greater than 1. Table 1 4. Questions Although Conjecture 2 is not true, we do not know if 2 and 37 are the only primes p such that p | a n and q n,p = a n+p − a n (n + p) n+2 n p−n−2 ≡ 0 (mod p 2 ) for some n ∈ N + which is not divisible by p. According to a numerical computations, they are unique among all primes less than 30000. The results above suggest to formulate the following questions: Question 1. Is there any Schenker prime greater than 37 for which there exists n ∈ N + such that p ∤ n, p | a n and q n,p ≡ 0 (mod p 2 )?
Question 2. Are there infinitely many Schenker primes p for which there exisits n ∈ N + such that p ∤ n, p | a n and q n,p ≡ 0 (mod p 2 )?
In the light of the results presented in the table some natural questions arise: In section 1 of this paper we presented a short proof of the infinitude of set of Schenker primes. In view of this fact it is natural to ask: Question 5. Are there infinitely many primes which are not Schenker primes?
